We investigate the mean square radius of the deuteron in the Bethe-Salpeter formalism with Lorentz covariance. All possible relativistic effects are considered within the additive current concerning the constituent nucleons. We argue the possibilities to explain the discrepancy in the mean square radius of the deuteron between experiment and non-relativistic nuclear potential models. It is found that the relativistic corrections cannot account for the discrepancy, since the relevant relativistic corrections cancel each other. For the relativistic corrections to the non-relativistic theory, it is necessary to have at least a consistent treatment of both the equation and the electromag· netic current of the deuteron as a bound system. Furthermore, we estimate the contributions of the off-shell effects for the photon-nucleon interaction vertex. These off-shell effects may be candidates to explain the discrepancy. § 1. Introduction
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The mean square (MS) radius of the deuteron rm 2 is a characteristic quantity derived from the deuteron wave function. Hence, the calculation of the MS radius may be a good check of the nucleon-nucleon potential models. In non-relativistic (NR) nuclear theory, rm 2 
where u(r) and w(r) are, respectively, the usual radial S-and D-wave functions of the deuteron. In typical NR potential models, the theoretical value of rm 2 is given as rm 2 =(1.95~1.98fm) 22 J, 3 J (the value depends somewhat on the model used). On the other hand, the value of rm 2 (r~xpt) is experimentally derived from the observation of the MS charge radius r2h; for there exists the following relation 
where the final term represents the relativistic correction for Zitterbewegung, and we have assumed that the isospin symmetry takes the mass m for both the proton and neutron. For extremely low momentum transfer, it is possible to obtain the value of ~xpt from the experimental data with good confidence by measuring the ratio of the cross section of the elastic electron-deuteron scattering to that of electron-proton scattering. One of the most widely accepted values is given as dxpt =(1.9546(47) fm)
It has been reported 9 > that NR potential models are unable to explain this discrepancy simultaneously with the other low energy parameters of the proton-neutron system. The main efforts to explain this discrepancy have been made along two directions, taking into account the relativistic effects, or the effects of meson-exchange current (MEC). 10 > In order to make any meaningful quantitative prediction for electromagnetic processes, it is indispensable to have an effective form of the conserved current for the deuteron system, and in doing so its covariant description is necessary. In a previous work/ 0 we have investigated the magnetic and quadrupole moments of deuteron in the BS formalism. We have shown that the well-known difficulty concerning the magnetic and quadrupole moments in the NR nuclear potential models may be solved through a nonperturvative relativistic effect, the "normalization effect". That is, if we assume an admixture of negative energy amplitudes with magnitudes of a few hundredths of positive amplitudes, we can fit both the experimental values of the magnetic and quadrupole moments at the same time with a single value of the D,wave state probability.
In this paper we investigate all possible relativistic effects on the MS radius of the deuteron in the BS formalism with special attention on maintaining Lorentz covariance. We discuss the possibilities to explain the discrepancy in Eq. ( 1 · 3). Here, it should be noted that some important parts out of the MEC effects such as "pair" current in the NR nuclear theories are automatically included in our covariant treatment.
This paper is organized as follows. In the next section, we review the description of the deuteron in the BS formalism so far as required for our problem. In § 3, we present the qualitative analysis on the MS radius of deuteron and argue the possibilities to explain the discrepancy. In § 4, the details of the relativistic corrections to the MS radius of the deuteron are studied by semi-quantitative analysis. The off-shell effects in the photon-nucleon interaction vertex are also discussed. Concluding remarks will be given in the final section. § 2. Bethe-Salpeter formalism
In the bound-state BS equation for the deuteron, the BS amplitude xa(P; P) satisfies
where G(p-p') is the meson-nucleon interaction kernel, and the inverse of the nucleon propagator (Dirac operator) for the nucleon momentum Pr,. is given as (2·2) where P,.=(PI + Pz),. and p,.=(1/2)(p~-Pz),. denote the total four momentum and the relative one, respectively: Ma is the mass of a deuteron and P/=-Mi: a represents the other quantum numbers, such as angular momentum, of the deuteron state. It is well-known that the BS equation can be reduced to the Shrodinger equation in the non-relativistic limit, v~ c.
In general, the BS amplitude has sixteen components, because the constituent nucleons are the Dirac particles. Here we carry out the partial wave decomposition of the BS amplitude in the rest frame of deuteron in terms of the product of the free Dirac spinor u~:(p;) of the constituent nucleon as follows:
where p<o>=(O, iMd), p=(pt, p2) and s=(st, s2); the index s;( = ±1/2) and p;( = ±1) denote the spin and energy spin states, respectively, of the ith nucleon. In Eq. (2·3) the component amplitude ( qJ/(p, Po)) is represented by a sum of the eight partial wave component amplitudes with the spectroscopic number aP= 25
where S, L and ] denote the total spin, orbital angular momentum, and the total angular momentum, respectively. Here the reduction of the numbers from the initial sixteen for x to eight for qJ is due to parity conservation. It should be noted that only the first two amplitudes with 3 St ++ and 3 Dt ++ states correspond to the usual states in the NR potential models. According to our previous work/ 1 > the positive energy amplitudes for the ordinary one boson exchange (OBE) interaction picture are expected to be damped for the region of IPI and Po:
and for the negative energy amplitude:
where p = (-, -), ( +, -) or (-, + ). Here f-lB stands for the mass of the exchange boson in the meson-nucleon interactions, and M=Md/2.
We assume that the electromagnetic (EM) interaction of the deuteron is given as a sum of the individual interactions of constituent nucleons. Due to the invariance of the BS equation for the exchange of constituent nucleon one and nucleon two as the isoscalar nature of the deuteron, the conserved EM current of the deuteron is given as
where p'i=p+q/2, P'=P+q, Nd=1/(27r)\12Po2Po and f is the conjugate of x. It should be noted that the effective EM current in Eq. (2·6) satisfies the current conservation as q,.jp.<a',a>(P', P)=O. The photon-nucleon interaction vertex F~'-0 >(q) is given by the on-shell form
where Gp.v=(rp.rv-rvrp.)/2i and Ft(q 
where cP> is the Pauli spin matrix of the ith nucleon, and E=/P 2 +Mi.
The BS amplitude should be normalized so that the total charge of the deuteron, given by the EM current Eq. (2·6), becomes correctly ed=e. By using the formula e=limq-o]o< 1 '
1 >(P', P) and Eq. (2·3), after some calculations, we can write the normalization condition of the BS amplitude as with the definition of "pseudoprobability"
where ¢/(IPI, Po) represents the radial BS amplitude, and we have used the simplified notation I cts-:-1 =I Cs +I representing the pseudoprobability of the 3 St ++ state of the deuteron, and in the same manner IC:ls~I=ICs-I.IC:fo~I=ICo±l, IC:fp';I=IC:Jpl and ICrp';l= I C!PI. Thus we see that the inclusion of negative energy states into the amplitude necessarily reinforces the contribution of the positive energy states. In our previous work,
11
> we have shown by using the ordinary OBE interaction kernel that the pseudoprobability for 3 s~--partial states is dominant over the other negative energy states as p_ :=::::I Cs -1 2 : =: : : : 0.015. Therefore, for the MS radius, it is expected that the contributions of the negative energy states, except for the 3 s~--partial state, are much smaller than the discrepancy. In the following analysis, we are exclusively concerned with the contribution of the 3 s~--partial state. § 
Qualitative analysis of the MS radius of deuteron
In this section we shall make a general analysis of the MS radius of deuteron, taking into account the qualitative behavior of the component amplitude in Eq. (2·5).
The MS charge radius r~h in the BS formalism is given by the following formula:
where ]o<
•
The Breit frame is defined by p~<B>=(q/2, iPo) and P~8>=( -q/2, iPo). By substituting Eq. (2·8) into Eq. (2·6), the EM current in the Breit frame is represented in terms of the BS amplitude in the rest frame as follows: In most of the conventional relativistic models, the process of resorting to the Breit frame is missing, and the effective current in the rest frame, aside from the conservation of the space momentum, has been directly applied for the static charge and current densities.
By 
where m" and mp are the mass of the pion and rho-meson, respectively. Thus the contribution for negative energy state becomes negligible in regard to the discrepancy. As a result, <rA 2 )NP may be estimated as
Thus, if we have an admixture of negative energy amplitudes with pseudoprobability p_ into positive ones, the MS radius rm 2 in Eq. (1·1) is modified through the normalization condition in Eq. (2·10). This effect is called the normalization effect. It is essential for the normalization effect that the contributions of the negative energy states themselves are negligible to the extra contribution through the normalization condition.
The second term <ri>rel in Eq. (3·7) and <r~v> in Eq. (3·5) represent the Lorentz deformation effects, such as the relativistic effects for the relative motion of constituent nucleons, the Lorentz contraction and retardation, depending on the details of the BS amplitude. These terms may cancel each other (see the discussion to be given in § 4), and thus may be negligible in comparison to the discrepancy, although quite interesting theoretically. Thus we neglect these terms.
For the <rl> term (see Appendix A) we get the following formula for the case of 3 StP and 3 DtP states:
It may be worth while to note that the relativistic correction for the Zitterbewegung is deduced from this term. By substituting Eqs. (3·13) and (3·14) into Eq. (3·5), we obtain the final result of the charge radius of the deuteron in the BS formalism corresponding to Eq. (1· 2) as
This formula is identical with the usual one in Eq. (1·2); by putting P+=1 (P-=0) and then 81is=(3/8m 2 )(1+2K)(m-M)/M:=::::l0-3 /m 2 ), which is negligible in regard to the discrepancy. However, from our previous analysis 11 ) as p_::::::lcs-1 2 ::::::0.015, there is the contribution out of the normalization effect, and then we numerically obtain the final result as follows:
where <rm 2 )NR and <rm 2 )ss are the redefined MS radii in the NR nuclear theory and the BS formalism, respectively. From Eq. (3 ·15), these quantities are related as (3 ·17) Summarizing the results of the above analysis in this section, we conclude that most of the relativistic corrections to the NR MS radius, except for the normalization effect, are numerically too small to explain the discrepancy. For the pseudoprobability p_ :=::::I Cs -1 2 : =: : : : 0.015, the order of magnitude of the extra contribution from the normalization effect is favorable, but its correction has the wrong sign. It seems that the situation in the NR potential models does not make a change for the better. § 4. The possibilities to explain the discrepancy
Semi-quantitative estimate to the relativistic corrections
In the previous section we do not take into account the contributions of both <rA 2 )rei and <r~v>. In order to estimate to their contributions, we need a concrete expression of the BS amplitude depending on the interaction kernel. It is difficult, however, to analytically solve the BS equation, even in the case of the OBE interaction kernel. In this subsection we shall make a semiquantitative analysis to estimate their contributions, reproducing the low energy behavior of deuteron. It is well- 
where < rm 2 )Paris represents the MS radius in the Paris potential model. The relativistic corrections for Bde1 and Brh have magnitudes on the order of the discrepancy, but their terms apparently cancel each other due to their opposite sign. This result indicates that the calculation of the relativistic corrections to a NR theory is quite delicate. As a result, ariotal=arA 2 +ar;ei+Bdv+Brv 2 =-1.504Xl0-3 fm 2 , leading to a negligible result with the correct sign for the discrepancy, and we obtain a result similar to that in the previous section:
In this may, we conclude that the relativistic corrections are not able to explain the discrepancy concerning the MS radius of the deuteron in the NR nuclear potential models. Another possibility may be the MEC effect. However, it has been reported 9 >,IO> that the MEC contribution has the wrong sign and is several times larger than the discrepancy, although the value depends strongly on the model used.
The off-shell effects of the photon-nucleon interaction vertex
In this subsection, we should like to argue the possibility to explain the discrepancy of the MS radius by taking into account the off-shell effect of the photon-nucleon interaction vertex for the bound system. So far we have assumed the on-shell form for the photon-nucleon interaction vertex in Eq. (2 · 7). This assumption is introduced mainly to avoid the complexity of the calculations. In the case of the bound system, the photon-nucleon interaction vertex has to modify the on-shell form in Eq. (2 · 7) as (4 ·5) where A~'ou(p!, PL) represents the off-shell vertex, and it vanishes for the on-shell case
It is obtained by calculating the higher order corrections of photon-and meson-nucleon interactions and by renormalizing. Generally, it is difficult to obtain its explicit form since the nuclear interaction is strong. Then, we phenomenologically assume the relevant form for A~'ou(p!, PL) and estimate its correction to the MS radius of deuteron. Since A/rr(p!, P1) is the Lorentz invariant, and it vanishes for the on-shell case, we can expect its explicit form to be
where C; (i=l, 2, 3, ···)is a function of Pi~ and P~~'· Furthermore, due to the conservation of deuteron current, the form in Eq. (4·6) is restricted by the following WardTakahashi identity:
with -z
where L:R(PL) represents the renormalized self-energy, which vanishes for the on-shell case. Then the meson-nucleon interaction kernel is modified, and the BS equation in Eq. (2 ·1) is generally changed to the renormalized one. It is interesting that the third term in Eq. (4·6) automatically satisfies the current conservation without the change of the BS equation and the normalization condition. However, its correction to the MS radius is negligible in comparison to the discrepancy, since the leading q
We assume the most simple form for A/rr(pi, P1) as
with a constant C. This equation satisfies current conservation without a change of the nucleon propagator, although the normalization condition slightly modifies the order of the binding energy. It is worth while to note that Eq. (4·9) has a form similar to that we have obtained by assuming the relativistic separable interaction kernel to the BS equation.
This off-shell effect has the possibility of explaining the discrepancy of the MS radius, if Cm 2 ~ 1 and C > 0. It should be noted that the contribution of this off -shell effect in Eq. (4·9) to the magnetic and quadrupole moments is negligible. This off-shell effect may play a more important role for high-energy nuclear physics. More detailed analysis on this off-shell effect will be given separately. § 5.
Concluding remarks
In this paper we have investigated the MS radius of the deuteron in the BS formalism with special attention on maintaining the Lorentz covariance, starting directly from the expression in the Breit frame of the conserved effective deuteron current and argued the possibilities to explain the discrepancy in Eq. (1· 3). In our investigation we have intended to extract the results as generally as possible, being independent of dynamical details. It should be noted that some important parts out of the MEC effects such as "pair" current in the NR nuclear theories are automatically included in our covariant treatment. One characteristic feature of the BS formalism is the existence of the negative energy states. By neglecting the negative energy states, the BS amplitude has only two states CS1++ and 3 D1++) which correspond to them in usual NR nuclear potential models. From this point of view, we can classify the contributions to the MS radius of the deuteron as the following three parts: the main part comes from the positive energy states including many kinds of relativistic effects such as the relative motions of constituent nucleons and boost effects: the second one comes from the negative energy states themselves: the third one is the normalization effect, which is non-perturbative and appears through the normaliza· tion condition. It should be noted that the second and third contributions may be related to each other (see the discussion in § 3).
First, we have shown by the qualitative argument that all the relativistic correc· tions in the positive energy states, except for the Zitterbewegung term 3/4m 2 , to the MS radius of deuteron are relatively small compared to the discrepancy, so that we obtained the ordinary formula for the MS radius in Eq. (1·2). Secondly, we have investigated the details of the relativistic corrections by carrying out the appropriate three dimensional reduction, corresponding to the instantaneous approximation, so that it reproduces the low energy behavior of deuteron. Here, we must make the three dimensional reduction after the calculation of the matrix elements concerning the MS radius. We have shown that some relativistic corrections have the same order of magnitude as the discrepancy, but their terms apparently cancel each other due to their opposite sign. We have found that the calculation of the relativistic corrections to the NR theory is sensitive and that it is important to have at least a consistent treatment for both the equation and the electromagnetic current of the deuteron as a bound system. We have shown also, by qualitative argument, that the contributions of the negative energy states themselves are negligible compared to the discrepancy. For the normalization effect, if we take P-=0.015, its contribution has the correct order of magnitude with the wrong sign. As a result, since the total relativistic corrections tend to make the discrepancy larger, we may conclude that it is impossible to explain the discrepancy concerning the MS radius of deuteron in the NR nuclear potential model including the relativistic corrections within the additive current for the consitiuent nucleons.
Finally, we have phenomenologically estimated the contributions of the off-shell effects for photon-nucleon interaction vertex. These off-shell effects may be candidates to explain the discrepancy. 
